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SUMMARY 
 

This paper presents a 3D forward modelling algorithm with an adaptive finite-element method based on unstructured grids that when 

used with a circular scanning DC measurement technique can provide an indication of anisotropy in a layered earth. The accuracy of 

this algorithm is checked against 1D semi-analytical solutions for an arbitrarily anisotropic earth. This anisotropy produces a 

measurement paradox, results are dependent on the physical relationship between DC transmitter and receiver. To resolve this paradox, 

a circular scanning measurement technique has been suggested. Through analysing the response of typical anisotropic models, we 

study the characteristics of apparent resistivity related to the electrically anisotropic media and identification of underground electrical 

anisotropy. The results of numerical experiments shows the effectiveness of our algorithm and the analysis will be helpful to the 

interpretation of anisotropic DC resistivity data. 
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INTRODUCTION 
 

The direct current (DC) resistivity method has been widely used in the exploration of subsurface minerals, hydrogeology survey 

and environmental & engineering investigations for years (Xu et al, 1994). The method can predict the resistivity distribution of the 

subsurface structures through the distribution of the apparent resistivity observed on the ground (Pain et al, 2003). The electrically 

isotropic models are widely used in existing forward and inversion algorithms. However, using an isotropic model to interpret the data 

from an anisotropic earth will cause big mistakes (Yin & Weidelt, 1999), especially when there are distinct stratifications or fractures, 

or directional structures in the earth. Therefore, in areas with distinct anisotropy the DC resistivity modelling should take into account 

the electrical anisotropy (Yin & Weidelt, 1999; Yin, 2000).     

 The analytical solutions of the resistivity response for a transversely isotropic uniform half-space are known (Habberjam, 1975), 

as are solutions for anisotropic layered media (Wait, 1990; Li & Uren, 1997; Yin & Maurer, 2001). For complicated anisotropic media, 

the present numerical algorithms include the volume integral methods (Li & Uren, 1998), the finite-difference methods (Wang & Fang, 

2001), the finite-element methods (Wang & Wu, 2013), and the spectral element methods (Zhou et al, 2009). Li et al (1997) modelled 

the arbitrarily anisotropic subsurface using integral equation method, and Wang et al (2013) modelled the resistivity response of 

anisotropic bodies embedded by isotropic rocks using a finite-element method.  

In traditional DC resistivity prospecting, the observation data only contains one-directional resistivity information, the resistivity 

in other directions is neglected. Therefore the interpretation of the observation data cann’t accurately predict the subsurface structures 

because of the existence of an anisotropic paradox in the determination of the apparent resistivity (Yin & Weidelt, 1999). In order to 

solve the measurement problem, Yin et al. (2016) proposed a circular scanning measurement technique and validated the method using 

a one-dimensional layered model of an anisotropic medium. By plotting apparent resistivity as a polar diagram, any subsurface 

anisotropy could be recognized easily.  

In this paper, we present an adaptive finite-element method based on unstructured grids to model the arbitrarily anisotropic media. 

To guarantee the computational accuracy in the regions near the source and with high resistivity contrasts, we adopted the local adaptive 

grids refinement technique based on the gradient recovery theory. This technique has a smaller memory requirement but fast 

computational speed than the global adaptive refinement algorithm in IAG ( Zhengyong Ren, 2010). It can improve the mesh adaptive 

flexibility by setting deviation thresholds for different areas. Furthermore, a circular scanning measurement has been suggested in the 

simulation of the 3-D subsurface structures. We set the transmitter in the centre of a detecting region, and the survey points are 

positioned circularly with same distance to the transmitter. By changing the distance to the transmitter, we can get more information 

on the resistivity distribution and anisotropy at different depths of the earth.  

 

METHOD AND RESULTS 
 

The boundary value problem 

For the arbitrarily anisotropic subsurface models, the conductivity tensor  =  -1 or resistivity vector  can be expressed by a 

symmetric tensor with 6 individual components: 
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The relationship between the conductivity tensor and the principal conductivityc tensor is (Yin, 1999) 

RσRσ c

T ,                                             (2) 

where T represents the matrix transpose, R=RxRyRz is the Euler rotation matrix. 

In the 3-D domain , the potential u=us+up (us is the secondary potential and up is the primary potential) induced by the point 

current source satisfies the Poisson equation, the potentials on the ground boundary 0 satisfies the Newman boundary condition and 

the potentials in the infinite  satisfy the hybrid boundary condition. Therefore, the boundary value problem for the secondary potential 

us can be written as 
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The analytical solution of primary singular field is 
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where rσrB 
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0
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P
, 0 is the conductivity tensor of the surrounding rock. 

We set a test function N in the Hilbert domain H1() and obtain the following equation with the Galerkin finite-element methods: 

      0Ωd
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The modelling domain is then discretized into a set of tetrahedral elements with the open-source mesh generator Tetgen (Si. 

2006). We combine the boundary conditions with equation 9 and simplify it via the Green’s identities and obtain 

bKU s
,                                             (8) 

where K is the global coefficient matrix, b is the source term, U s is the secondary potential vector to be solved. In this way, we can 

obtain the secondary potential from the large sparse linear equations by using the parallel direct solver MUMPS and get the apparent 

resistivity from the total field potential that is the sum of the primary potential and the secondary potential.  

Local adaptive mesh refinement 

In 1987, Zienkiewicz proposed a posteriori error estimation algorithm (which is called z-z method) based on gradient recovery 

technique. The method which is independent in specific problems is simple and efficient, so it is easy to transplant it to unstructured 

grids. 

In the L2 norm, the element relative error of the 3-D statics electromagnetic field in the finite-element simulation is as follows: 
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where i is the number of the element, n is the total number of the elements discretized in the simulating region, i is the real sapce of 

each element, uF is the potential gradient. The element recovery gradient du is obtained by the super-convergent patch recovery 

technique that can be written as  

Gaud ,                                             (10) 
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Where a is a matrix of unknown parameters ( Zhengyong Ren, 2010). And the element gradient recovery can be obtained by a in 

the element patch that contains all the elements adjoining the element domain i. After that, we can obtain the element relative error 

‖e‖i through the equation 9.  

In the adaptive mesh refinement strategy, we first set the maximum error threshold for each target region:  

., kje
j

,21,  ,                                         (12) 

where k is the number of the target regions. The volume of each element can be adjusted by the element relative error and the maximum 

threshold. The adjusted element volume is  
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where Vi
* is the element volume before each iteration. After obtaining the new volume of each element, we can regenerate the new grid 

by Tetgen. We repeat the above steps until the element relative error is smaller than the threshold.   

Accuracy verification 

We will demonstrate the accuracy of our algorithm by simulating a two-layer anisotropic model shown in Figure 1. The principal 

resistivity and the Euler rotation angles of the first layer are respectively x1 =L1=100 m, y1=L1=100 m, z1=T1=400 m, 

1=0o，1=90o, 1=0o. For the second layer, they are x2=L2=10 m, y2=L2=10 m, z2=T2=40 m, 2=0o, 2=90o, 2=0o. The 

accuracy verification is showed in Figure 2. By analysing the result we can see: 1) the algorithm of this paper has a high modelling 

accuracy. 

 2) When the offset r between the transmitter and the receiver starts at 0, the plots in Figure 2 a and c mainly show the resistivity 

of the first layer. However, the value in Figure 2 a does not equal c. Figure 2 a shows the apparent resistivity in x-direction with a value 

equals to L1=100 m, which is the resistivity along the stratification of the first layer. Figure 2 a shows the apparent resistivity in y-

direction and the value equals to T1L1M1 ρρρ  =200 m that is the geometric mean of the resistivity along the stratification of the 

first layer L1 and the resistivity perpendicular to the stratification of the first layer T1. When the offset r becomes large enough, the 

value of Figure 2 a and c stay invariant that shows the resistivity of the second layer. The results are similar to the first layer: the 

apparent resistivity in x-direction is L2=10 m while that in y-direction is T2L2M2 ρρρ  =20 m. These results typify the 

measurement paradox that occurs when measuring apparent resistivity in an anisotropic layered earth; the apparent resistivity is 

perpendicular to the distribution of the true earth resistivity. 

 
Figure 1: A two-layer model 
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Figure 2: Comparisons of the result computed by this paper with semi-analytical solutions and the relative deviations 

a,b is around the x direction; c,d is around the y direction, r is the offset. 

Modelling of an arbitrarily anisotropic half-space 

Figure 3 shows the apparent resistivity distribution of an arbitrarily anisotropic half-space whose principal resistivity is 

x0/y0/z0=100/400/100 m, and the results are calculated for a circular scanning survey (refer to Figure 4). In Figure 3 a, the principal 

resistivity is rotated around the z axis. From the polar plots we can see that the shape of the apparent resistivity is similar to an ellipse: 

it is stretched in the direction of the low principal resistivity, and the value (elliptic long axis) equals to the geometric mean of the 

principal resistivity in the x and the y direction; while it is compressed in the direction of the high principal resistivity. The value 

(elliptic short axis) equals to the principal resistivity in the x direction. This results correspond to the above discussed anisotropic 

paradox. This implied that via the anisotropic paradox of apparent resistivity we can distinguish the anisotropic characteristics of the 

underground media. In Figure 3 b, the principal resistivity is rotated around the x axis. We can see that before the rotation (=0o), the 

apparent resistivity of the anisotropic half-space is similar to the above apparent resistivity distributions. When the anisotropic half-

space is rotated around the x axis, the elliptic short axis turns to be stretched while the elliptic long axis stays invariant. When rotated 

90o around the x axis, the model turns to be horizontal isotropic (at this point the principal resistivity in the x direction is the same as 

in the y direction). The polar plot becomes a circle with radius equals to the geometric mean zyzx ρρρρρρρ  TLM =200 

m. Thus we can conclude that the anisotropic characteristics and the inclination of the strata of an anisotropic medium can be 

identified from the characteristics of the polar plot.  
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Figure 3: Polar plots of apparent resistivity for an anisotropic half-space  

a. The principal resistivity of the half-space medium is rotated 0o, 45o, 90o, 135o around the z axis; b. the principal resistivity 

of the half-space medium is rotated 0o, 45o, 90o, 135o around the x axis. 

Modelling of an arbitrarily anisotropic anomaly embedded by arbitrarily anisotropic rocks 

We will study the characteristics of the apparent resistivity for an arbitrarily anisotropic anomalous body embedded by arbitrarily 

anisotropic rocks. Figure 4 shows the details of our model, the computational region is 2000 m2000 m1000 m and the extended 

region is 10000 m10000 m10000 m. The principal resistivity of the anomalous body is x1=10 m, y1=40 m, z1=10 m, while 

the principal resistivity of the surrounding rock is x1=100 m, y1=400 m, z1=100 m.   

 
Figure 4: Circular scanning measurement based on bi-pole configuration over a 3D model 

We set 600 m600 m600 m area as the computational region which contains the anomalous body and set the element relative 

error as 5% to refine the mesh. To get a high accuracy of the secondary potential, we further set the element relative error as 1% for 

two regions that include the anomalous body and a small region containing the transmitter. To show clearly the result of the local 

refinement, in Figure 5 we only show the y-z plane of a region which is 600 m600 m300 m. Comparing the three maps in Figure 5, 

we can see that after the third refinement of the volume elements, the element relative errors become smaller than the threshold in all 

target regions. The about 3% relative element error shown near the surface of the anomaly is caused by a large (1000%) resistivity 

contrast in this region. 
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Figure 5: Local adaptive mesh refinement for 3-D model 

 
Figure 6: Polar plots of the apparent resistivity for an anisotropic abnormal body embedded in arbitrarily anisotropic 

surrounding rocks 

The principal resistivity of the surrounding rocks is x0/y0/z0=100/400/100 m, and the principal resistivity of the anomaly 

is x1/y1/z1=10/40/10 m. The rotation angels of the surrounding rocks and the anomalous body in each map are: a. 
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0/0/0=0o/0o/0o, 1/1/1=0o/0o/0o; b. 0/0/0=0o/0o/45o, 1/1/1=135o/0o/0o; c. 0/0/0=0o/0o/90o, 1/1/1=90o/0o/0o; d. 

0/0/0=45o/0o/0o, 1/1/1=0o/0o/90o; e. 0/0/0=90o/0o/0o, 1/1/1=0o/0o/45o; f. 0/0/0=135o/0o/0o, 1/1/1=45o/0o/0o. 

Figure 6 shows the modelling results for the anisotropic anomalous body embedded by homogeneous anisotropic rocks. Each 

figure in Figure 6 has two different polar plots respectively for offsets of 50 m (dotted line) and 140 m (solid line). From the figure, 

one sees that: 1) when the surrounding rocks are not dipping anisotropic, the distribution of apparent resistivity is symmetric, however, 

the anisotropic paradox still exists; 2) when the surrounding rocks are dipping anisotropic, the distribution of apparent resistivity is un-

symmetric, with the smaller ellipsoid pointing toward the inclination of the stratification; 3) the apparent resistivity distribution for the 

abnormal body shows similar characteristics, only the anomaly is largely overwhelmed by surrounding rocks; 4) the anisotropic 

characteristics of the abnormal body and the surrounding can be distinguished from the apparent resistivity distribution for different 

offsets between transmitter and receiver.        

 

CONCLUSIONS 
 

In this paper, we conduct the 3-D DC resistivity simulation for an arbitrarily anisotropic model using finite-element method based 

on unstructured grids. The algorithm has a high accuracy when checked against 1D semi-analytical solutions for an arbitrarily 

anisotropic earth. We have modelled an arbitrarily anisotropic half-space and an arbitrarily anisotropic anomalous body embedded in 

an arbitrarily anisotropic rock. Through the analysis of the several numerical results, we come to conclusions as following: 

1) The circular scanning measurement has advantages to recognize the characteristics of anisotropy. Comparing to the traditional 

measurement, the results of circular scanning measurement can clearly show the direction of anisotropic axis and apparent resistivity 

parameters. 

2) There are apparent resistivity anisotropic paradoxes in the results of the circular scanning measurement. The anisotropic 

distribution characteristics of the surrounding rocks and the anomalous body can be distinguished by changing the offset. 
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